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INTRODUCTION
Quantitative stereologists are concerned with the science of inferring threedimensional microstructural features from two-dimension sections. While the expected surface density, Sv, and the expected edge density, Lv, in three-dimensional space are obtainable by measurements of their respective densities on two-dimensional sections, the density of grains {cells} in a space filling microstructure, N v , has remained elusive. This paper presents a method for determining the three-dimensional grain density from easily measurable parameters on a two-dimensional section. This method is confirmed by comparison with a variety of COl11-puter generated space filling microstructures and three regular space filling geometries.
Theoretical considerations are also presented suggesting why this basic relationship is expected.
Finally, a practical method for estimating N v is described and an extension of this procedure to non space filling geometries is discussed. The derivation of these relationships is described in detail in chapter 4 of reference 1. These relationships are valid if the edges and surfaces have no preferred orientation with respect to the test plane or line. However, if these features have preferential orientation, e. g. a simple cubic structure, care must be exercised to collect test data on a sufficient number of randomly orientated test planes and lines to ensure the validity of equations 1 and 2. These relationships will be used to determine the densities of surfaces Sv and edges Lv in three-dimensional space from two-dimensional sections. Our analysis will be concerned with space filling geometries where all surfaces are boundaries between two grains, and where edges are intersections of grain surfaces. Figure 1 shows some examples of two-dimensional sections of three-dimensional microstructures. Notice, that three-dimensional surfaces and edges appear as lines and points respectively in the two-dimensional section, i. e., their dimensionality decreases by one. If, on a two-dimensional test plane, all points are the intersections of three and only three lines (see figure 2) 
The ; factor is necessary since each edge is shared by three grains. Solving for b in equation 4
where Similarly, if the average surface area per grain, s b 2 (5 is a numerical factor), is known, then 
The subscripts Lv and Sv denote the source of the calculation. e and S are strongly shape dependent and are difficult to determine for real microstructures.
In a classic paper J. XBL 786-5140
COMPUTER MODELING PROCEDURE
A Meijering "cell model" is computer simulated by I1rst generating random nucleation sites in a three-dimensional unit cube with periodic boundary conditions.' Then sophisticated computer techniques are used to construct a connected graph where nodes are corners of the resulting irregular polyhedrons and paths are polyhedron edges that connect corners. Nodes are locations in space equidistant from four nucleation sites but no closer to any other nucleus.
Edges are lines equidistant from three nucleation sites but no closer to any other nucleus.
Once the connected graph is constructed all three-dimensional information including volume, The microstructure modeling technique described does not require random nucleation sites. The simulation can be used to study a variety of microstructures created by preferred nucleation sites and· isotropic growth until impingement. Transformed microstructures are generated by chosing a density of preferred sites (corners, edges or surfaces) from a previous microstructure. Figure 1 shows examples of a "cell model" and various transformed microstructures. Any criteria can be used to select nucleation sites, enabling examination of the effects of preferred nucleation sites on microstructure morphologies.
The computer simulation technique described has been used for a variety of Sa Case N, • ..
• Cases 15 through 20 were created by considering high densities of hard spheres in various semi-ordered and random configurations. The centers of these spheres were used as nucleation sites for the resultant microstructures. Case 21 was created by nucleating 1000 random sites on five equally space planes. The two-dimensional planes represent a random nucleation in two-dimensions. These planes were used in table 1 and therefore do not represent random sections. However, the corresponding three-dimensional results are surprisingly good and would be expected if randomly oriented sections had been examined. each edge slightly such that it is really two edges (see figure 2 ). This is especially convenient since a measure of Lv for a cubic structure using jj (equation 3) on random test planes would predict 18b. Similarly, for a cube-octahedron the surface area is 5.315b 2 and the edge density is ..
-S - 16 .04b. 
THEORY
Many space filling microstructures have been examined and all tend to obey the relationship suggested by equation 7. To analyze this relationship one must consider how Sv and Lv will vary when the geometry of a microstructure is altered. Given a microstructure, it can be transformed to another microstructure by moving and distorting grain boundaries. A completely general accounting of grain boundary distortion appears mathematically intractable.
However, we consider two mathematically calculable distortions, compression and elongation.
Consider a randomly oriented microstructure of known grain density ( b=bsv=b Lv ).
If this system is compressed at constant volume (e.g. the rolling of metals), S v and L v will be altered changing the b sv and b Lv predicted by equations 5 and 6. For our deformation parameter we chose e, where
e=~h-z2
where z is the ratio of compressed axis to the elongated axes.
Then the change in b sv and b Lv as a function e (see appendix) can be calculated .
iibs/e)=b-bs/e) (8a)
where
Sv(O)=Sv at zero deformation

Lv(O)=Lv at zero deformation
The ratio of equation 8 to equation 9 is plotted in figure 3 . This ratio goes to 2 asE-O. Consider the following limits for equations 8 and 9,
(1 I)
Solving for b in terms of bSv(E) and bL/E) using equations 8a, 9a, 10 and 11 yields (12) which in the limit of E-O, is identical to equation 7. A similar analysis for elongation (e.g.
wire drawing procedures) yields identical results for equations 10, 11 and thus 12.
The derivation makes no assumptions about initial values of ksv or kLv' Also equation 12 is additive, i. e., different parts of the microstructure can be compressed and elongated to different degrees and the cumulative results will still yield equation 12. This result suggests why equation 7 is expected. 
A METHOD FOR EVALUATING N v
To determine the average grain density in a three-dimensional microstructure from two-dimensional sections we suggest using equation 7 with Meijering's "cell model" coefficients 
DISCUSSION
Much controversy has existed regarding whether grain size should be measured using a (ASTM and Jeffery's method) or I (Heyn's method). The former method is related to
Lv while the later is related to Sv. Neither method can be directly correlated to grain density (see -12 -
APPENDIX
Determination of Lv and Sv at constant volume during compression and elongation as a function of deformation can be done by specifing and solving equivalent problems. First we consider compression where the axes orthogonal to the compressed axis expand uniformly to maintain constant volume (and thus constant cell density). If we consider a volume element that contains randomly oriented surfaces, the expected surface density for any given orientation is identical to that of any other orientation. Another geometry that has the equivalent property is the surface of a sphere (or hemisphere). Therefore, we can insert a sphere of unit area inside the volume element and relocate all grain boundary surfa~es to portions of the sphere having the same orientation without altering the density of surfaces with respect to orientation.
If the volume element including the sphere is compressed uniformly at constant volume, then the sphere will be transformed into an oblate spheroid having the same volume as the initial ..
